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Application of the Single-Cycle Optimization Approach
to Aerodynamic Design

Magdi H. Rizk*
Flow Industries, Inc., Kent, Washington

A single-cycle approach has been developed to solve optimization problems in which the objective and con-
straint functions are dependent on the solution of a set of partial differential equations. This approach is very
suitable for solving transonic aerodynamic design problems. The procedure simultaneously updates the solutions
of the flow equations and the design parameters and, thus, presents an efficient alternative to the costly inner-
outer iterative procedures currently used in transonic aerodynamic design. The procedure is applied here to ex-
amples in which the Euler equations are assumed to be the flow governing equations.

Nomenclature
cl = incrementing factor for optimization scheme, Eqs.

(5b), (6b)
c2 = decrementing factor for optimization scheme, Eqs.

(5b), (6b)
c3 = constant for the chord method, Eq. (7)
CD = drag coefficient
CL = lift coefficient
CP = pressure coefficient
eg = unit vector along the Pe axis
E = objective function (or the performance index)
/ = constraint vector
g = solution of flow governing equations
i( = unit vector along the Pg axis
K = number of constraints
Ke = number of effective constraints
L = number of design parameters
M — Mach number
N = number of iterations required to achieve

convergence
P = vector of design parameters (or the decision vector)
R = residual
T = transformation matrix
x = coordinate in the undisturbed flow direction nor-

malized by the airfoil chord length
ys
y\s Jus

a.
A7V

AP
dP

vertical coordinate of airfoil lower and upper sur-
faces, respectively

.
Y\s > ̂ us = vertical coordinate of the lower and upper surfaces

of £ th shape function, respectively
angle of attack
number of iterative steps after which the value of P
is periodically updated
small positive incremental value
incremental vector used to update the vector of
design parameters
constant that sets an upper limit on the magnitude
of the components of the incremental vector 6P
small positive number for determining con-
vergence
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= number of analysis iterative steps, which is
equivalent to a design-analysis iterative step

=ve
/rl

= number of equivalent analyses
= defined in Eq. (4)
= (d/dPj,d/dP2,...,d/dPL)

Subscripts

? = element number in design parameter vector
oo = undisturbed condition
Superscripts

A = analysis problem
D = design problem
n = iteration number

= transpose
= optimum value
= rotated coordinate system

Introduction

NUMERICAL optimization is one of the tools being used
in transonic aerodynamic design. The solution of the op-

timization problem attempts to determine the vector of design
parameters P that minimizes the obective function E(P\g)
subject to the constraint f ( P \ g ) <0, where g is the solution of
the flow equations. In airfoil and wing design problems, P
contains the coefficients of the polynomials or the shape func-
tions used to define the lifting surface, while E may be chosen
to be the minimized drag, subject to the constraint of a
minimum allowable lift value. The objective function E may
also be chosen to be a measure of the difference between the
pressure on the lifting surface and a desired pressure
distribution.

Optimization methods (e.g., the steepest descent method,
conjugate gradient method, and method of feasible directions)
are iterative procedures that determine a sequence of solutions
Plt P2,..., that converges to the optimum solution P*. These
methods require the evaluation of the objective function many
times before the optimum solution is determined. Since E is
dependent on the solution g, the flow governing equations
must be solved each time E is evaluated. Therefore, any of the
usual optimization schemes (e.g., the method of feasible direc-
tions) becomes a two-cycle (inner-outer) iterative procedure.
The inner iterative cycle solves the analysis problem for g
iteratively for a given iterative solution P, while the outer
iterative cycle determines the optimum P iteratively. In the
inner-outer iterative approach1"3 for solving the design prob-
lem, the usual procedure is to couple an existing analysis
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code (which solves the flow equation iteratively for a given P)
to an optimization code (which finds the optimum P itera-
tively). The repetitive execution of time-consuming analysis
codes is the source of the high cost of this approach. A reduc-
tion in the number of times the analysis problem must be solved
before the optimum P is determined has been achieved recently
by utilizing fast approximation methods.4'5

The purpose of this paper is to introduce the design engineer
to a different optimization approach that is suitable for
aerodynamic design. This single-cycle approach has recently
been developed for solving optimization problems in which
the objective and constraint functions are dependent on the
solution of a set of partial differential equations. The scheme
is obtained by modifying the iterative procedure for solving
the partial differential equations (the analysis problem), so
that the solutions of the differential equations g and the design
parameters P are updated simultaneously. This results in the
successively improved approximations (g",Pn), where
n = 1,2,..., that converge to the solution (g*,P*), thus satisfy-
ing the optimization problem. With this approach, the need
for the costly inner-outer iterative procedure is eliminated. A
scheme using this approach was developed in Ref. 6 for ap-
plication to unconstrained optimization problems. This
scheme was extended in Ref. 7 so that it could be used to solve
general constrained problems. Unlike presently used ap-
proaches in which constrained algorithms are much more inef-
ficient than unconstrained ones,3 the effect of the constraints
is to increase efficiency in the new approach.7 This approach
has been applied to examples in which the potential equation is
assumed to be governing equation.6'7 In this paper, it is ap-
plied to examples in which the Euler equations are assumed to
be the governing equations.

Approach
A concise presentation of the single-cycle approach is given

here. Further details are available in Refs. 6 and 7.
This approach modifies the iterative procedure of determin-

ing the solution g for the analysis problem, in which P is given,
to a procedure that determines the solutions g and P for the
optimization (design) problem. The iterative solutions for the
analysis problem are given by

(1)

where ^(gn\P) denotes the solution obtained by applying the
iterative scheme once, using g" as the initial guess, while
holding the value of P fixed. The iterative solutions for the
design problems are given by

pn + l = n = 0,1,2,, (2)

(3)

where dPn + 1 is set equal to zero for a number (A/V- 1) of con-
secutive iterative steps [ («+ 1)/A7V^ 1,2,3,...] and is then
determined through a special scheme in the following step
[(/i + l)/AN"= 1,2,3,...]. Therefore, two types of iterative
steps are used to solve the design problem. The analysis
iterative step updates the solution g. It is equivalent to the
iterative step used in the analysis scheme. With every AN itera-
tions, the analysis iterative step is preceded by the design
iterative step updating P. The design iterative step is
equivalent to L + l analysis iterative steps. Therefore, on
average, an iterative step of the single-cycle scheme used here
is equivalent to a analysis iterative steps, where

a=(AN+L + l)/AN (4)

The optimization iterative process continues until the con-
vergence criterion

max(

There are two options when applying the design iterative
step. The unconstrained option is used when solving an un-
constrained optimization problem. It is also used when solving
a constrained optimization problem as long as the vector of
design parameters Pn falls within the admissible region (i.e.,
no constraints are violated). However, if a constraint is effec-
tive, it becomes necessary to search for the optimum design
parameter within the constraint boundary. In this case, the
constrained option is used.

The Unconstrained Option
When this option is used in the n + 1 iterative step, P is up-

dated by Eq. (2). The sign of the incremental correction dPf + ]

(where dP? + 1 is the £th component of the vector dPn + ] ) is
chosen to be opposite to that of dE/dP" in order to reduce E
further. The magnitude of the increment dP"+ 1 is given by

where c>0. If the signs of 6P? + / and dP^1'^ are in agree-
ment, it is an indication that the last two iterative solutions PI
and py-M* fall to one side of the point along the Pf direction
at which E is a minimum. In such a case, c is set equal to the
constant c1, which is greater than 1. Increasing the magnitude
of the step size in this manner will accelerate the approach
toward the point along the Pg direction at which E is a
minimum. On the other hand, if the signs of dP" + I and
fipn + i-AN are not m agreement, it is an indication that P^and
PH-ATV fau on OppOSite sides of the point along the Pt direction
at which E is a minimum. In this case, c is set equal to the con-
stant c2, which is less than 1. Decreasing the magnitude of the
step size in this manner is necessary for convergence to the
point along the Pf direction at which E is a minimum.

The equation used to calculate dPf + 1 in the case of the un-
constrained option is given by

t=l,2,...,L (5a)

where

?7(r? + 7 + 7)+c 2 (

f 7-A7V

dP,

(5b)

and Ff is evaluated by

r,= AP

Here T£ is the £th component of VE(Pn\G°>n + 1).

The Constrained Option
At iterative step n + 1, assumed here to be a design analysis

iterative step [ (n + 1)/AAT= 1,2,3,...], let the first Kn
e ine-

quality constraints

fk(P";G°'n + 1)<0, k = l,2,...,Kt

be effective where Kn
e<K. The kih constraint is effective if

either of the following conditions is satisfied:

2) The Ath constraint was effective in the previous design
iterative step and the following conditions are satisfied:

is satisfied.
fk(Pn\G°'n + dE(Pn-,G °>n

-<0
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where (3"k
+I is a coordinate in the Vfk(pn\G°'n + 1 ) direction.

The search for the optimum solution must be restricted to
the subspace that is the intersection of the constraint surfaces

It is convenient to decompose the incremental correction
Spn + i into two vectors $Nn + j and $Sn + i that are orthogonal
to each other. The hyperplane tangent to the hypersurface
fk(P;G°'n + } ) = cons t , \<k<Kn

e, at P = Pn is an
(L-l)-dimensional linear subspace. Let Cn + 1 ( l ) define the
first (£= 1) of these hyperplanes and let Cn + } ( k ) , 2<k<Kn

e
define the (L-k)- dimensional linear subspace, which is the in-
tersection of the first k hyperplanes. The vector dNn + 1 is
chosen to be orthogonal to Cn + 1 (Kn

e). It is responsible for
constraint corrections. The vector 6Sn + I lies within Cn + } (Kn

e).
The purpose of this correction is to bring the updated design
parameter vector Pn + I closer to the optimum design point
within Cn + J(K%). The vector 5Nn + I is most conveniently
determined in terms of an orthonormal basis whose members
are orthogonal to Cn + ] (Kn

e), while dS" + ] is most conveniently
determined in terms of an orthonormal basis that spans

The vectors u, u = [u1u2...uL ] ' and un + 1
f un + 1 =

[w? + 7wJ + ; . . .w2+;] ', are related by the transformation
equation

or

where the orthogonal transformation matrix T" + I is given by

When the constrained option is used in the n + 1 iterative
step, P is updated by the equation

pn + l ^pn+ftpn +

where

+5Nn

The first orthonormal set nk, \<k<K^ is defined such that
n1 is orthogonal to the hyper surf ace f1 ( P; G0>n + 1 ) = const at
P = Pn, while nk, 2<k<Kn

e, is orthogonal to Cn + 1 (k); i.e., it
is orthogonal to the intersection of the hypersurface
fk(P;G°'n + 1 ) -const and the subspace Cn + ] (k- 1) at P = Pn.
These vectors are given by

nk = Qk/\Qk\,

Qk=Nk- (Nk-nr)nr, k=2,3,...,K"e

where Nk is orthogonal to the hypersurface fk(P',
G°>n + 1 ) -const at P = P", and Qk is the projection of Nk on
the subspace Cn + J (k- 1). The second set of orthogonal unit
vectors ik, Kn

e + 1 <&<L, is constructed by taking linear com-
binations of the vectors nk, \<k<Kn

e and ek, Kn
e + 1 < k < L . It

is assumed that this set of L vectors is linearly independent. If
this is not the case, then the vectors ek> Kn

e + 1 <£<L are re-
placed by any L—Kn

e vectors from the set ek, 1 <A:<L, such
that the set composed of these vectors and the vectors nk,
\<k<Kn

eis linearly independent. The following equations are
used to construct the set (// + ;, /2 + ;,..., il+1)'

0

0

The components dS? + ], Kn
e +

the unconstrained option. Therefore,

where

0

are calculated using

= K"e + l,...,L (6a)

dE(Pn\G°>n* (6b)

where

Along these vectors a new set of coordinate axes Pnj + 1,
P]+],..., Pl+1 is obtained by a rotation of the original coor-
dinate axes Pj, P2>~., PL-

While the components of a vector u relative to the original
axes are given by

the components of u relative to the rotated axes are given by

M? + / = K - ' ? + /, *=7,2,...,L

The components dNf + J, \<t<Kn
e are calculated by using

the chord method. Therefore,

p— ] 2 Kn
t —— JL )•£y . . . f •*»•£ (7)

However, other iterative procedures may be used. In Ref. 7,
the constraint was satisfied by using Newton's method instead
of the chord method. Another possible alternative to Eq. (7)
for determining dN% + ] is to usej;he minimization scheme of
Eqs. (6a) and (6b) by replacing dS? + 1 and E in these equations
with dNt + 1 and I/,I, respectively.

Design Examples and Discussion
The single-cycle approach is applied here to airfoil design

examples. In the examples, P contains the coefficients of the
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shape functions used to define the airfoil. The upper and
lower airfoil surfaces are defined by

y,(x)=

where Y defines the shape functions, which are profiles of
given airfoils. The shape functions used in the examples are
depicted in Fig. 1. The first shape function is the BGK1 airfoil.
The second shape function is a Karman-Trefftz airfoil given
by

= xp + iy=mc-
l+Hm

l-Hm

where

c=1.0, T/o-0.08

and (xp,yp) are the coordinates of points on the airfoil. The
third shape function is a NACA 0012 airfoil.

The flow about the airfoil is assumed to be governed by the
Euler equations. Reference 8 solves the Euler equations by
using the Runge-Kutta time-stepping scheme. The improve-

Shape Function No. 1
BGK1 Airfoil

Shape Function No. 2
Karman-Trefftz Airfoil

Shape Function No. 3
NACA 0012 Airfoil

Fig. 1 Shape functions.
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Design parameters evolution histories (example 1).

ments to the Euler code developed by Jameson et al.8 have
been introduced by Salas et al.9 This improved code has been
modified to allow the use of the single-cycle scheme in airfoil
design problems.

In the following examples, the designed airfoil is assumed to
be at an angle of attack a. = 2.5 deg and the freestream Mach
number is assumed to be M^ =0.1. The initial iterative guess
for the solution g is given by the freestream conditions.
Therefore,

The initial incremental values <5Pf are given by

Unless otherwise stated, the following values are used for the
computational parameters clf c2, c3, AP, <5Pmax, and A/V:

c7 = 1.02 c2=0.6

c3 = 3.0 A7V-10

AP = 0.001 <5Pmax = 0.03

In the first example, an airfoil is designed to maximize the
lift subject to a constraint defining a maximum allowable

0.6

0.5

-0.4

-0.6 -'

-0.8 -

-1.0

-1.2 -

-1.6

0.3

0.2

0.1

0.0

200 400 600 800 1000 1200 1400

NUMBER OF ITERATIONS

Fig. 3 Objective function and constraint function evolution histories
(example 1).

0 200 400 600 800 1000 1200 1400

NUMBER OF ITERATIONS

Fig. 4 Residual evolution history for the design problem (example
1).



JUNE 1985 SINGLE-CYCLE OPTIMIZATION 513

drag. The objective function E, which is to be minimized, is
therefore defined by E= —CL, while the constraint function is
given by

/— CD ~ CDO — ̂

where CDO = 0.02.
A second constraint, which puts limits on the allowable air-

foil area, is given by

Using this relation, it is possible to express one of the design
parameters in terms of the other two. Therefore, the problem
is redefined to be a two-design-parameter problem that seeks
to determine P1 and P2 so that the airfoil defined by

ys (x) = P j [ Y ] (x) - Y3 (x) ] + P2 [ Y2 (x) - Y3 (x) ] + Y3 (x)

satisfies the design conditions. The initial values of the design
parameters are given by

0

1

The evolution histories of the design parameters are shown
in Fig. 2. The converged solution is given by P}= 0.846,
P2 = 0.251, P3 = -0.097. The evolution histories of the objec-

'0 150 300 450 600 750 900 1050

NUMBER OF ITERATIONS

Fig. 5 Residual evolution history for the analysis problem (example
1).
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CP

tive and constraint functions are shown in Fig. 3. From Figs. 2
and 3, two distinct stages in the convergence process of the
design parameters may be identified. In the first stage,
relatively rapid changes in the values of Pn, En, and/7 occur
as they approach the converged values of the solutions. At the
end of this stage, these parameters are close to their final
values. In the second stage, minor adjustments take place as
the parameter values converge to their final values. In this ex-
ample, the first stage spans approximately the first 400
iterations.

The maximum residual Rn, which is a measure of the con-
vergence of the flowfield solution gn, is shown in Fig. 4. The
high-frequency oscillations apparent in the figure are of
period AN iterations and are due to introducing a perturbation
in the boundary conditions as Pn is updated. The correspond-
ing Rn curve for the analysis problem, with P = P*,is shown in
Fig. 5. As expected, a comparison of the two figures indicates
a faster rate of convergence for the analysis problem, which is
allowed to converge without introducing the bound-
ary condition perturbations. The high-frequency oscillations
appearing in Fig. 5 after approximately 700 iterations are due
to rounding errors. In order to avoid this error, the con-
vergence criterion for the residual R" was set at ee = 0.5 x 10 ~3

and the convergence criterion for the design parameters at
ep = 10~5. On this basis, it is found that the solution of the

1.2r
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Fig. 7 Design parameters evolution histories (cj = 1.02).
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Fig. 6 Pressure distribution on surface of designed airfoil.
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Fig. 8 Mach number distribution along airfoil surface.
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Fig. 9 Design parameters evolution histories (c7 = l.l, w<400,
Cj = 1.02, n>400).
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Fig. 11 Residual evolution history for the design problem (example
2).
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Fig. 10 Objective function evolution history (example 2).

design problem attains convergence after 1098 iterations,
while the solution of the analysis problem attains convergence
after 678 iterations.

For the design problem, the equivalent number of analysis
iterative steps required to achieve convergence is given by
0ND = 1427. Therefore, the number of equivalent analyses re-
quired to solve the design problem is

ve = aND/NA=2.l

The factor /*, which defines the efficiency of the single-cycle
scheme, is then

=0.525

The efficiency is increased as the value of /x, is reduced.
Finally, the pressure distribution along the designed airfoil

is shown in Fig. 6.
In the second example, an airfoil is designed such that the

objective function E, which is to be minimized, is a measure of
the difference between the airfoil Mach number distribution
and a desired Mach number distribution given by

where the integrals are taken along the airfoil surface. In
general, the exact solution for the optimum design vector P* is
not known. However, in order to validate the accuracy of the
optimization scheme, a special Mach number distribution that
corresponds to a known P* solution is chosen. The desired
Mach number distribution Md is chosen to be that produced
by the airfoil defined by

v (v\ _ \ TT?/ \
^SV-^-/ — ^/^ K.%1. \Ji )

1=1

for o; and M^ values given by a = 2.5 deg and M^ =0.7, where
Kj=K2 = K3 = */3. The initial values of the design parameters
are given by

0.0

P° = 0.5

1.0

Figure 7 depicts the evolution histories of the design
parameters. Note that the first stage of the convergence pro-
cess is relatively long in comparison to the first example.
Moreover, at the end of 2100 iterations convergence has not
been attained.

max = 1.4xlO~ 4>10- 5

The relatively poor performance in the second example as
compared to the first is due to several factors. The conditions
in the first example resulted in incremental corrections 6P",
which were mostly positive throughout the first stage, and in-
cremental corrections bP", which were mostly negative
throughout the first stage. Therefore, the magnitudes of these
corrections remained at their maximum allowable values
6Pmax throughout most of the first stage, thereby allowing a
rapid approach toward the final solution. However, the condi-
tions in the second example resulted in incremental corrections
5P" with more frequent sign changes. These sign changes caus-
ed a reduction in the magnitude of the incremental correc-
tions, thereby delaying the convergence process. To avoid this
problem, one should choose a relatively large (1.1-1.5) in-
cremeting factor c1 during the first stage and a relatively small
value (1.01-1.05) during the second stage. Since the end of the
first stage is not known in advance, one may simply define a
certain number of initial iterations where the large value for c}
is to be used. The effect of using a small cl value in the first
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Fig. 12 Residual evolution history for the analysis problem (example
2).

stage has been demonstrated. However, the effect of using a
large cl value in the second stage is for the iterative solutions
Pn

lt...,PI to oscillate about their converged solutions. Thus, it
is possible to introduce a test for detecting such oscillations
and to reduce the value of cl as they are detected. The second
example is recalculated using the simpler of the two ap-
proaches. The values for c7 used are 1.1 for «<400 and 1.02
for «>400.

Figure 8 compares the Mach number distribution along the
airfoil surface at different stages of the iterative process to the
desired Mach number distribution. The initial iterative solu-
tion is simply the free-air condition. The iterative solutions ap-
proach the desired solution as the iterative process continues.
The curves showing the desired Mach number distribution and
the Mach number distribution along the designed airfoil can-
not be distinguished from one another. The evolution histories
of the design parameters are shown in Fig. 9. The converged
solutions are given by Pl =0.333, P2 =0.333, and P3 =0.335.
The evolution history of the objective function is shown in
Fig. 10 and the maximum residual Rn in Fig. 11. The cor-
responding Rn curve for the analysis problem is shown in Fig.
12.

The solution of the design problem attains convergence
after 1870 iterations, while the solution for the analysis pro-
blem attains convergence after 656 iterations. The values for
ve and jit in this problem are therefore given by *>e = 4.0 and
/i = 0.8.

The value of \L for the examples solved here fall within the
same range (0.5</*< 1.0) as those calculated for potential
flows.6'7 The values chosen here for the computational

parameters clf c2, c3, AN, and 6Pmax seem to produce accept-
able results; however, no attempt has been made to optimize
these parameters. An optimum choice of the computational
parameters will lead to the simultaneous convergence of g and
P. If one of the solutions converges at a much higher rate than
the other, this is an indication that further improvement in the
overall convergence is obtainable by making a better choice of
the computational parameters.

Conclusions
The single-cycle scheme has been applied to transonic

aerodynamic design examples. The efficiency of the scheme
seems to be comparable for both flows governed by the Euler
equations and the potential equation. The higher efficiency
for the constrained problem observed here has been previously
observed. In contrast to current procedures whose efficiency
decreases for constrained problems, for a single-cycle scheme
the constraint being enforced while solving the problem may
be viewed as an additional piece of information about the final
solution. This additional information results in an accelerated
convergence.
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